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They are all single step methods



Single Step Methods Classifications
• Explicit
       CentralDifference
       NewmarkExplicit $gamma
       HHTExplicit    $alpha
       ….
• Implicit
       Newmark $gamma $beta
       HHT $alpha
       TRBDF2
       …

1. all Need Linear Algorithm
  2. in absence of damping
    all require full mass matrix.



Stability & Linear Systems
• Stability (bounded solution) and Accuracy are the

most talked about properties of time integration
schemes.

• For most integration schemes, the stability and
accuracy provisions you read about are provided
FOR LINEAR DYNAMICAL SYSTEMS.

• Conditionally Stable: numerical procedure leads to a
BOUNDED solution if time step is smaller than
some stability limit. Conditional stability requires
time step to be inversely proportional to highest
frequency.

• Unconditionally Stable: solution is bounded
regardless of the time step.



Central Difference is conditionally stable if:

Newmark is unconditionally stable if:

   Average Acceleration

   Linear Acceleration

Stability Limits Common
Integrators

0.55But Conditionally stable if:

(.318)



Example
(see “Dynamics of Structures” A.K. Chopra, section 5.5)



dT/Tn = 0.32    (ex1.tcl)



dT/Tn = 0.1    (ex1.tcl)



dT/Tn = 0.01    (ex1.tcl)



• Computer models of large real structures
contain a large number of periods. Some of
these periods are smaller than the typical
time step used (that from say the earthquake
record).  It is typically advised to select an
algorithm that is unconditionally stable.

• There are situations when you might want to
use a conditionally stable algorithm, e.g.
convergence problems, accuracy, model size.
In these cases you need to select the
appropriate time step to ensure that higher
frequencies do not cause instability.

THINGS TO THINK ABOUT



Stability &  Nonlinear Systems
• For nonlinear systems stability is the most important

concern.
• Algorithms that are stable for linear dynamical systems

ARE NOT NECESSARY STABLE in nonlinear case.
• A sufficient condition in non-linear systems for stability

is the conservation of total energy within a step,
expressed:

             Un+1 - Un + Kn+1 -K n <= Wext
    where U = strain energy and K = kinetic energy
• There are 3 groups of algorithms which ATTEMPT to

satisfy this criterion:
– Numerical Dissipation
– Enforced Conservation of Energy
– Algorithmic Conservation of Energy



Dissipation Algorithms
• They were developed for large linear systems

where typically only the low modes of
response are of interest and the engineer
wants to remove the high frequency noise.

• These controlled dissipation of high frequency
modes is used in an ATTEMPT to conserve
energy.

• For nonlinear systems they do not guarantee
the dissipation of enough energy to always
satisfy the conservation of energy.

• EXAMPLES: Newmark, HHT, …



Numerical Dissipation: dT/Tn = 0.01    (ex2.tcl)



Numerical Dissipation: dT/Tn = 0.1    (ex2.tcl)



Numerical Dissipation: dT/Tn = 0.3    (ex2.tcl)



Example
(see “Dynamics of Structures” A.K. Chopra, section 5.5)



T/Tn = 0.1; dT/Tn = 0.01    (ex3.tcl)



T/Tn = 0.1; dT/Tn = 0.1    (ex3.tcl)



T/Tn = 0.1; dT/Tn = 0.3    (ex3.tcl)



• When using dissipation to damp out higher
frequencies, the choice of dT is as important
as choice of integrator parameters.

• Why damp out higher frequencies?
1. Not interested in spurious modes
2. Contact
3. (I know I am repeating but again) In

nonlinear problems try to remove energy
and hopefully allow conservation of energy
(not guaranteed)

Remember



Algorithmic Energy
Conserving Algorithms

• The only one available in OpenSees at
the moment is TRBD2.



EXAMPLE
(Andreas Schellenberg, Rutherford and Chekenne)



Periods Start: 0.50 sec to 0.0015 sec
Periods At Impact: 380590.94 sec to 0.0045 sec
Periods if successful Analysis: 1.29 sec to 0.0015

For a dT=0.001
Newmark Average Acceleration and HHT 0.9 failed
HHT 0.6, TRBDF2, and Newmark 0.6 0.3025 worked

Max recorded roof displacements: 6.03, 5.88, 5.87 respectively

RESULTS



Conclusion

• I hope you walk away from this webinar with
the understanding and realization that You
actually need to spend some time thinking
about the choice of integration strategy
you use in the analysis.

• For any graduate student/professor looking
for something to do, we could use some
more integrators that look at conserving
energy.



Any Questions?


